The structure of the two-pion-exchange contribution in nucleon-nucleon scattering with spinless nucleon ancl pion is investigated by the partial-wave dispersion relation. It is shown that the unique separation of the two-pion exchange into the iterated one-pion effect and the "proper" two-pion effect is obtained by a suitably defined partial-wave dispersion relation. It is found that the energy dependence of the proper two-pion-exchange contribution is quite different from that of the iterated one-pion effect and resembles the one-bosonexchange contribution. § 1. Introduction Hoshizaki, Otsuki, Watari and one of the present authors (M.Y.) proposed the one-boson exchange model of nuclear forces 1 > and showed that a certain combination of one-boson-exchange potentials can reproduce the phenomenological potentials 2 > which well explain the two-nucleon interaction experiments. Later this model was modified by Sawada, Ueda, Watari and one of the present authors (M.Y.Y> to cover all the phenomena of strong interaction by generalizing the idea of one-boson exchange and requiring more severe conditions for the one-particle-exchange character. The analysis was made by this model for protonproton scattering, neutron-proton scattering 3 >' 4 l and other processes. 5 >' 6 > Based on the idea of the dominance of the one-boson-exchange process, similar analyses of the nucleon-nucleon interaction were done by several people by the potential approach or the dispersion relation approach. In these analyses, it was shown that nucleon-nucleon scattering below 200 MeV is sufficiently reproduced by the simple OBEC (one-boson-exchange contribution). model except for S-wave. For S-wave phase shifts it may be necessary to introduce one or two additional parameters, such as the scattering length and eflective range, and possibly the iteration effect. Roughly speaking, this may imply that the OBEC is responsible for the nuclear force in the region II where the impact parameter bl>0.7 X pion Compton wave length.
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If we consider the agreement with experiment obtained by this phenome-IJ On leave of absence from Hiroshima University, Hiroshima. nological model as more than accidental, then we have to look for any reason which may make the model successful in the current theory or to make a new theory which gives the one-boson~exchange model as a natural consequence.
For either case it would be interesting to make clear the structure of the multi-boson-exchange process in the current. theory and to see in what circumstances it is possible to make such an approximation and whether there is any practical difference between the results from the one-boson exchange theory and the current theory. The fact that OBEC may be responsible for the region II indicates the necessity of considering at least two or three pion exchange contributions to investigate the multi-boson effects which compete or coexist with the one-boson effect. However, it is hardly possible to work out many particle exchange beyond the two-pion process in the current theory, and the analysis of two-pion exchange is important to give an insight into the structure of multi-boson exchange.
In this paper, with such intention, we discuss the two-pion-exchange process in nucleon-nucleon scattering by the partial-wave dispersion relation. For simplicity we take the case with spinless nucleon and pion. where the initial and final nucleon momenta ph · · ·, l>4 are assigned as in Fig. 1 and
In the center of mass system of NN, s, t, and u are given in terms of the squared barycentric momentum v and the scattering angle () = cos-
where m is the nucleon mass. Now we make a partial wave expansiOn of
l=O then the partial wave amplitude ht (v) of the state with the angular momentum l can be written from the unitarity requirement in terms of the scattering phase shift Ot (v) .as (2·3)
2A. Fourth order f>erturbation calculation
In discussing the perturbation calculation, it is convenient for the latter analysis to use the double spectral form of the Mandelstam representation.
>
The Mandelstam representation for K 1s given by 00 OJ
where 11 is the pion mass. The spectral functions A/ 0 l derived from the fourth order perturbation diagram are given by g2 
In Eq. (2 · 7) the terms containing the factor (x-s) -r, (x-u) -l correspond to (2 · 2) and we do not consider these terms in the following discussion.
2B. Dispersion relation for fixed momentum transfer u
We consider the dispersion relation for fixed u as a single spectral representation which can be related to Eq. (2 · 7) . The dispersion relation for fixed u may be written 11 )' 12 ) as 00 00
Then .f21 ·and Q3 are determined by the unitarity condition in the NN channel and crossed NN channel in the appropriate domain of u respectively. In the energy region where the inelastic effect is negligible, .f21 (s', u) is given by the partial wave amplitude hz, i. e .
Here the range of u where Eq. (2 · 9) is valid is O>:u2:':4m 2 -s'. On the other hand the contribution to .f2 3 from the two-pion state which is the lowest mass state is given in terms of the NN~>2rc amplitude GN:rv(P, q) by8),13)
Substituting the spectral representation of GNN(p, q) under the Cini-Fubini approximation,
The fourth order perturbation part of tc (tx) 2 · 7) to the single spectral representation for the fixed u.u) The proc;edure of reduction is equivalent to the replacement and implies the elimination of the physical singularity from the contribution of Figs. 2a and 2b. As is easily seen from the expression (2 ·12a), the reality of Q 3 is guaranteed for u?;:;-~8;i.
In order to make the partial wave decomposition of Eq. (2 · 8), it is necessary that the absorptive parts, especially Q 1 (s', u), could be analytically continued to the entire region with 02:u. This is guaranteed by dropping the imaginary part in u<-8JL 2 arising from the second term in Eq. (2 ·12a), to the extent*l that Eq. (2 · 8) can be interpreted as reduced from the Mandelstam representation (2 · 4) . 12 )
2C. Partial wave dispersion relations
Let us first discuss the partial wave amplitudes derived from Eqs. (2 · 7) and (2 · 8).
According to Eq. (2 · 2), hz (v) from Eq. (2 · 7) is given by
The important feature of the Mandelstam representation is to give an overall framework for the location of singularities. It must be noticed that even in the case that the application of the Manclelstam representation is possible, its spectral function can be determined not by the Manclelstam representation itself, but by some other method such as the single spectral representa. tion which can be interpreted as reduced from the Mandelstam representation or the perturbation calculation, etc. 
Here we assume the principal part for the second term m Eq. (2 ·12a). Strictly speaking, Eq. (2 ·16) is the partial wave expansion of a single spectral representation, rather than a partial wave dispersion relation, and contains the coupling between different components of angular momentum states. This complexity can be removed by rewriting the dispersion relation for hz (v) by using the analytic properties of Eq. (2 ·16). Thus we get an unsubtracted partial~wave dispersion relation 00
2D. Asyrnptotic behaviour and threshold behaviour
Using the properties of the Legendre function of the second kind, we can show that the asymptotic behaviour of the amplitudes given by Eqs. (2 ° 15), (2 ·16) and (2 ·17) are at most v-1 log v, and it is unnecessary to make any subtraction for the purpose of convergence at vl"oV oo in the present model, as is also clear from the behaviour of the imaginary part in Eq. (2 · 17) .
For the threshold behaviour, we can easily see from the properties of the 
As shown in our recent paper, 15 l the occurrence of cancellation between the contributions from the left-hand cut and right-hand cut is proved for the fourth order terms by using the following integral formula for the Legendre function of the second kind, (2 ·19) Equation (2 ·17) can be written with l-times subtraction at v = 0 so as to give each term the correct threshold behaviour as far as Eq. (2 ·18) holds, without changing the content of the equation. In this case the subtraction gives a vl-l asymptotic behaviour for each term and this induces a divergent result for some of the solutions when the equation is solved by iteration. However, even in this case, cancellation occurs so as to guarantee the overall convergence of the amplitude to the extent that Eq. (2 ·18) holds. § 3. Separation of the iterated one-pion-exchange contril:m_tion from the two-pion-exchange contribution and the moderate energy behaviour 
where we assume the subtracted form taking into account the discussion in 2D. The second term in Eq. (3 ·1) is obtained by substituting the one-pion-exchange contribution to hz (v) in the integrand of the right-hand cut integral and can be regarded as the iterated effect of the one-pion-exchange process. On the other hand the first term in Eq. (3 ·1) differs from the corresponding term of Eq. (2 ·15) by the additional term
As is easily seen, this additional term, like Qz (zs) in Eq. (2 ·16), eliminates the singularities from the (x-4m 2 -4v) -l factor at v20 and plays the role of subtracting the iteration of the second order contribution from the perturbational fourth order contribution.
Here the remarkable fact is that the integral formula (2 ·19) which guarantees the validity of Eq. (2 ·18) ·is the necessary and sufficient condition that the second term in Eq. (3 ·1) just cancels the additional term in the first term in Eq. (3 ·1) . Accordingly for the part associated with Fig. 2a , the corresponding parts in Eq. (2 ·15) and Eq. (2 ·17) are identical and the separation into the right-hand cut and the left-hand cut just corresponds to the separation into the iterated one-pion-exchange effect and the two-pion-exchange effect:
where Im h/ 2 rr: exch) and Im h/lrr: iter) are paraphrases of the imaginary parts obtained from Eq. (3 ·1), and each one corresponds to the first and second terms on the right-hand side of Eq. (3 · 1) respectively. In this sense it is appropriate to call the two-pion exchange part for the left-hand cut in the partial-wave dispersion relation (2 ·17) the proper two-pionexchange contribution. It might be interpreted as a natural extension of the
S. Furuichi and 1\1. Yonezawa
treatment of fourth-order NN potential in the static meson theory g1ven by H. Miyazawa. 16 ) In addition to the unique separation of the iterated effect a further advantage of Eq. (2 ·17) is that each term is well defined. In this respect, it should be noted that, for example, in Eq. (2 ·16) the additional term for the left-hand cut is not unique and depends on the method of regularization to be applied to the second term in Eq. (2 ·12a). Now let us see the v and l dependences of each term separated above.
For this purpose it is convenient to consider OBEC and use it as a standard of comparison for the discussion of the two-pion-exchange contribution.
OBEC gives an amplitude which is proportional to vl at low energy and gradually deviates from vl as the energy increases, and the deviation is larger for smaller mass of boson.
This is well seen if we draw the OBEC amplitudes for various masses by normalizing the magnitudes to have a common derivative at threshold. Such a normalized amplitude for one-scalar-boson exchange is taken in the present model as (3 ·3) Here mn is the mass of the exchanged boson. In Figs. 3a and 3b we give the amplitudes for l = 1 and l = 2. The contributions from Figs. 2a and 2b normalized to Eq. (3 · 3) at threshold, (3·5) (3. 6) As is seen from these figures, both of the proper two-pion-exchange parts of hz< . Accordingly, it is found that hrrorzn: might be replaced by h 0 BEC with "approximate Morr" as a whole, although within the rather limited present model.
As Figs. 3a and 3b show, the one-pion-iteration part is qualitatively in agreement with the chain-approximation-type iteration effect and, from the expected importance in the S-wave problem, it is appropriate that these problems should together be discussed elsewhere. (For the qualitative features of the iteration effect on the non-resonant phase shift, see reference 12) .)
The above discussion shows that it is appropriate to consider the proper two-pion-exchange contribution when we discuss the characteristics of the twopion-exchange contribution. In this case the general prescription to obtain the proper two-pion-exchange contribution is to make the partial-wave decomposition for the imaginary part of the scattering amplitude. § 4. Concluding remarks
In the previous sections we have shown that it is possible to make a unique separation of the two-pion-exchange contribution into the iterated one-pion effect and the proper two-pion contribution by using a suitably defined partial-wave dispersion relation. These contributions just correspond to the contribution from the right-hand cut and that from the left-hand cut in this dispersion relation. Then, once we take this partial-wave dispersion relation as basic, thEse two parts can be interpreted independently of each other and might have quite different physical meanings. This is very different from the ordinary perturbational interpretation. Further, we have shown that the proper two-pionexchange contributions show very similar energy dependence to the one-boson exchange contribution. On the other hand, the iterated onepion-exchange part shows the characteristic behaviour expected for an iteration effect, and its dominant effect should be reflected in the damping effect required from the unitarity. Here we wish to make a few remarks in connection with the OBEC model. 'The fact that the proper two-pion-exchange contribution shows an energy behaviour like that for one-boson exchange may indicate that it is very difficult to discriminate the two-pion exchange effect from the OBEC.
As is easily seen from ·Eqs. (3 ·1) and (2 ·17), the iterated one-pion-exchange effect separated from the perturbational two-pion-exchange contribution is a part of the general iteration effects from the right-hand cut which play an important role for the unitarization of the scattering amplitude. Such a unitarization effect might be the first one to be considered when we try to modify the OBEC theory from the standpoint of the current theory. In fact, some people have already tried this. 17 J These attempts are more or less equivalent to replacing the simple damping used in references 3) and 4) by the one from the dispersion theory. On this point our feeling is that the iterated one-boson-exchange effect is closely related with the proper multi-boson-exchange effect as observed through the threshold behaviour and such a modification would be hardly an improvement on the approximation as far as we adhere to the current theory. However, if we look beyond the current theory, it would be quite a possibility.
Finally we briefly compare the simple damping with the unitarization procedures for the OBEC model involving the iterated effect from the right-hand cut contribution. As is well known, the damping theory identifies the OBEC amplitude with the real K-matrix and this means that we set the partial wave Born amplitude equal to tan o. Then such a procedure reduces only the absolute value of the Born approximation at a certain rate.
On the other hand, the effect of the right-hand cut generally makes the Born part (or the left-hand cut part) more positive in the low energy region and more negative at higher energy. 12 ) This qualitative tendency becomes slightly complicated when the Born part changes its sign at some energy. As a typical example, 3 Po phase shifts of nucleon-nucleon scattering are shown in Fig. 5 , where the partial OBEC amplitude in reference 4 
